Two-loop QED corrections with closed fermion loops are calculated for the 1s bound-electron g factor. Calculations are performed to all orders in the nuclear binding strength parameter Zα (where Z is the nuclear charge and α is the fine structure constant) except for the closed fermion loop, which is treated within the free-loop (Uehling) approximation in some cases. Comparison with previous Zα-expansion calculations is made and the higher-order remainder of order α 2 (Zα) 5 and higher is separated out from the numerical results.
Two-loop QED corrections with closed fermion loops are calculated for the 1s bound-electron g factor. Calculations are performed to all orders in the nuclear binding strength parameter Zα (where Z is the nuclear charge and α is the fine structure constant) except for the closed fermion loop, which is treated within the free-loop (Uehling) approximation in some cases. Comparison with previous Zα-expansion calculations is made and the higher-order remainder of order α 2 (Zα) 5 and higher is separated out from the numerical results.
Highly charged ions are often considered to be an ideal testing ground for studying bound-state quantum electrodynamics (QED) effects, in particular, the effects that are non-perturbative in the binding nuclear strength parameter Zα (where Z is the nuclear charge, α is the fine structure constant). For light atomic systems, the parameter Zα is small and the Zα expansion is widely used as a convenient basis for theoretical calculations. However, high accuracy achieved in modern experiments often demands calculations of QED corrections beyond the Zα expansion even for light atoms. For heavy highly charged ions, the Zα expansion is not applicable at all and calculations should be only carried out to all orders in Zα.
One of the prominent examples of experiments in light atoms that require for their interpretation calculations of QED effects to all orders in Zα is the determination of the bound-electron g factor in hydrogenlike ions. A series of spectacular measurements has been accomplished during the last two decades [1] [2] [3] [4] [5] , which brought the experimental accuracy on the level of few parts in 10 −11 . These measurements triggered a large number of calculations of various QED effects that were required for advancing theory to the level of experimental interest. In particular, all-order (in Zα) calculations of the one-loop self-energy [6] and nuclear recoil [7] corrections were accomplished, as well as Zα-expansion calculations of the two-loop QED effects [8, 9] . The comparison between the experimental and the theoretical results not only constituted a highly sensitive test of bound-state QED theory but also led to an accurate determination of fundamental physical constants such as the electron mass [10, 11] .
Despite all theoretical efforts, the present theory of the bound-electron g factor is not able to match the experimental accuracy for the heaviest measured ion, Si 13+ [4] . The main reason for this are the two-loop QED effects, which are presently calculated within the Zα expansion up to order α 2 (Zα) 4 only. The uncertainty due to unknown higher-order two-loop effects induces the dominant error in the theoretical prediction for ions with Z > 6. For silicon with Z = 14, this uncertainty is already by more than an order of magnitude larger than the experimental error [4] . Scaling as Z 5 , it is going to become even more crucial for comparison of theory with experiments on heavier-Z ions, which should become feasible in the near future [12] .
Calculation of the two-loop QED corrections to all orders in the nuclear binding strength parameter Zα is a very difficult task. Such calculation for the Lamb shift in hydrogenlike ions extended for over a decade (see Refs. [13] [14] [15] for the present status). A similar calculation for the bound-electron g factor should be feasible in principle but is going to be even more difficult than for the Lamb shift, for several reasons. First, Feynman diagrams for the g factor contain an additional vertex representing the interaction with the external magnetic field as compared to the diagrams contributing to the Lamb shift. Second, the convergence of the partial-wave expansion (which is usually the limiting factor for the accuracy of calculations) is typically slower for the g factor than for the Lamb shift. Third, the unknown higherorder remainder to the Lamb shift is suppressed by the factor of (Zα) 2 with respect to the leading contribution, whereas for the g factor the suppression factor is (Zα)
5 .
The two-loop QED effects can be separated into two large pieces, the two-loop self-energy correction and the two-loop corrections with closed fermion (vacuumpolarization) loops. In the present study, we consider the latter part, leaving the two-loop self-energy (being the most nontrivial part) for future investigations. Calculations of the two-loop corrections with vacuumpolarization loops are simplified by the fact that such loops can be treated within the free-loop (Uehling) approximation, which replaces the loop of the boundelectron propagators by the leading term of its expansion in the binding potential. In the one-loop case, such approximation leads to the well-known Uehling potential and induces the dominant part of the one-loop vacuumpolarization effect even for ions as heavy as uranium. In the present investigation, we employ the free-loop approximation for some corrections, namely the self-energy correction with the vacuum-polarization insertion into the photon line and the two-loop vacuum-polarization correction. In addition, there are several diagrams that vanish in the free-loop approximation, namely the diagrams with the interaction with the external magnetic field attached to the vacuum-polarization loop. The contribution of such diagrams should be small, so they are omitted in the present investigation.
The remaining paper is organized as follows. In the next three sections, we study three gauge-invariant subsets of two-loop contributions with vacuum-polarization loops. Namely, the self-energy correction with the vacuum-polarization insertion into the photon line is calculated in Sec. I, the self-energy correction with the vacuum-polarization insertion into the electron line is calculated in Sec. II, and the two-loop vacuum-polarization correction is calculated in Sec. III. In the last section, we summarize the results obtained and discuss the experimental consequences of our calculations.
The relativistic units ( = c = 1) are used in this paper. We will also use the abbreviations "SE" for the self-energy and "VP" for the vacuum-polarization.
I. SELF-ENERGY CORRECTION WITH VACUUM-POLARIZATION INSERTION INTO THE PHOTON LINE
We start with the set of combined SE-and-VP diagrams depicted on Fig. 1 , whose contribution will be referred to as the S(VP)E correction. This correction can be regarded as the one-loop SE correction to the g factor in which the standard photon line in the SE loop is substituted by the "dressed" photon line with the VP insertion. In this section, we will treat the VP insertion within the free-loop approximation only. The part of the S(VP)E diagram beyond this approximation involves a light-by-light scattering subdiagram, whose calculation is notoriously difficult but which usually leads to small effects.
The dressed photon propagator with the free-loop VP insertion can be derived [16] in the form of an extension of the standard photon propagator, both in momentum and coordinate space. In the momentum space with D = 4 − 2ǫ dimensions, the dressed VP photon propagator is given by [17, 18] 
where D µν (k) is the standard photon propagator,
In the coordinate space, the expression for the dressed VP photon propagator reads
where D µν (ω, x; 2mt) is the standard propagator of a massive photon with mass λ = 2mt and
In the Feynman gauge, the standard propagator of a massive photon is given by
The above formulas demonstrate that the dressed VP photon propagator can be effectively obtained from the standard propagator of a massive photon (multiplied by a simple function) by integrating over the effective photon mass. Employing this fact, we can construct the calculation of the S(VP)E correction to the g factor as an extension of our previous calculations of the one-loop SE correction to the g factor [6, 19] and the S(VP)E correction to the Lamb shift [20] . Following the approach described in details in Ref. [19] , we represent the S(VP)E correction to the g factor as a sum of three contributions,
The first term on the right-hand-side of the above equation, ∆g ir , is the irreducible contribution, which is induced by the irreducible (n = a) part of the diagram on is the remainder of the vertex and reducible parts that contains one or more interactions with the nuclear biding field in the electron propagators.
The irreducible part ∆g ir is relatively straightforward to calculate. It can be represented by a non-diagonal matrix element of the operator responsible for the S(VP)E correction to the Lamb shift. So, we calculate ∆g ir by generalizing the method developed by us for the calculation of the S(VP)E correction to the energy levels [20] .
The zero-potential contribution ∆g
vr is calculated similarly to the corresponding contribution to the SE correction to the g factor from Ref. [19] . Some additional care is required in this case, however, as the free SE and vertex operators with the VP insertion are more complicated and, in particular, possess a higher degree of UV divergence than the corresponding one-loop operators (∼ 1/ǫ 2 versus ∼ 1/ǫ). Evaluation of the operators in momentum space and final calculational formulas are summarized in Appendix A.
Numerical results of our calculations of the S(VP)E correction for the 1s bound-state g factor are presented in Table I . The calculation was performed for the point nuclear charge. The uncertainty quoted in the table originates predominantly from the truncation of the partialwave expansion in the many-potential vertex and reducible contributions. In our calculations, we included about 40 partial waves and extrapolated the expansion to infinity by least-squares fitting the partial sums to a polynomial in inverse cutoff parameter.
In order to improve convergence of the partial-wave expansion and better to estimate the accuracy of our extrapolation, we employed a modification of the standard potential-expansion renormalization approach first suggested in Ref. [21] . In this modified approach, the energy in the zero-potential contribution is shifted from its physical value ε a , ε a → ε a = (ε a + m)/2, where m is the electron rest mass. The effect of this shift is compensated in the many-potential term, which is evaluated as a point-by-point difference of the unrenormalized contribution and the free-propagator contribution (with exactly the same energy ε a as in the zero-potential term). As a result, the sum of the zero-potential and many-potential contributions should not depend on the particular choice of ε a . Individual terms of the partial-wave expansion, however, depend strongly on ε a . Comparing the final results for the sum of the zero-and many-potential terms for different choices of the free parameter ε a , we were able to cross-check our estimation of uncertainty of the extrapolation of the partial-wave expansion.
In Fig. 2 , our numerical data are compared with the results obtained previously within the Zα-expansion approach. The Zα expansion of the S(VP)E correction reads
where the expansion coefficients a i for the 1s state are given by [9] a 0 = 0.031 374 844 ,
and G SVPE (Zα) is the higher-order remainder. The results summarized in Table I indicate that the irreducible term ∆g ir induces a negligible contribution to the total correction in the low-Z region, whereas for high Z it is clearly the dominant contribution. The low-Z behavior of this term agrees with the fact that the first two terms of the Zα expansion of the S(VP)E correction originate from the anomalous magnetic moment of the electron (i.e., from the vertex contribution) only.
We observe remarkable agreement between our numerical and the Zα-expansion results. Noticeable difference arises only for heavy ions with Z > 70. This is due to a combination of factors that the higher-order remainder G(Zα) (i) is highly suppressed [by a factor of (Zα) 5 ], (ii) is small numerically, and (iii) changes its sign around Z = 60.
It can be seen that the accuracy of our numerical results is not high enough to directly identify the higherorder remainder G(Zα) for light ions with Z < 20. In
The combined self-energy and vacuum-polarization correction to the bound-electron g factor with vacuumpolarization insertion into the photon line, referred to as the S(VP)E correction. Double lines represent an electron propagating in the binding nuclear field, wave lines denote virtual photon, and the wave line terminated by a cross denotes interaction with an external magnetic field. order to get G(Zα) for the experimentally interesting cases of carbon, oxygen, silicon, and calcium, we extrapolated our results towards lower values of Z. For this, we used the extrapolation procedure suggested in Ref. [22] . 
II. SELF-ENERGY CORRECTION WITH VACUUM-POLARIZATION INSERTION INTO THE ELECTRON LINE
We now turn to the set of combined SE-and-VP diagrams depicted on Fig. 3 , whose contribution will be referred to as the SEVP correction. This correction can be regarded as the one-loop SE correction to the g factor, in which one of the bound-electron propagators is modified by the VP insertion. Since the VP insertion into the electron line can be represented by a local potential, the simplest way to calculate the SEVP correction is to redefine the bound-electron propagator by adding the VP potential to the binding nuclear potential. In this case, the SEVP correction can be obtained as a difference of the g factor values with and without the VP addition in the binding potential.
The dominant part of the one-loop VP potential is given by the well-known Uehling potential:
where Zρ(r) is the density of the nuclear charge distribution ( ρ(r)dr = 1). The remaining part of the one-loop VP potential is given by the so-called Wichmann-Kroll potential V WK . For the purpose of the present investigation, it is sufficient to evaluate it by approximate formulas obtained in Ref. [23] . The one-loop VP potential is then obtained as a sum of the Uehling and WichmannKroll parts, V VP (r) = V Ueh (r) + V WK (r).
In the present work, we calculate the SEVP correction by calculating the SE correction to the g factor in the combined Coulomb and VP binding potential and subtracting the corresponding contribution evaluated with the Coulomb potential only. The result obtained in this way contains small additional contributions induced by second and higher-order iterations of the VP potential, but they may be disregarded at the present level of interest. The general scheme of calculation of the SE correction to the bound-electron g factor was developed in our previous studies [6, 19] . In the present work, we extended this scheme for the case of the general binding potential. To this end, we employed the numerical approach for evaluation of the Dirac Green function for the arbitrary spherically symmetric potential (behaving as ∼ 1/r for r → ∞) developed in Ref. [24] .
Numerical results of our calculations of the SEVP correction for the 1s bound-state g factor are presented in Table II . Our calculation was performed with the Fermi model of the nuclear charge distribution. The oneloop VP potential included both the Uehling and the Wichmann-Kroll contributions.
Comparison of our numerical results with the Zα-expansion results is shown graphically on Fig. 4 . The Zα expansion of the SEVP correction is given by [9] ∆g SEVP = α π 2 (Zα)
where G SEVP (Zα) is the higher-order remainder. Note that the Zα expansion of the SEVP correction starts with the (Zα) 4 term, so that the higher-order remainder is suppressed only by first power of Zα in this case.
The results of our calculations indicate that the higherorder contribution for the SEVP correction is remarkably large. Even for light systems like carbon and oxygen, the total correction is twice as large as the leading-order contribution, which is rather unusual. Notably, a large higher-order contribution stemming from the SEVP correction was previously reported also for the Lamb shift [13] . 
III. TWO-LOOP VACUUM-POLARIZATION CORRECTION
In this section we calculate the set of two-loop VP diagrams depicted in Fig. 5 , referred to as the VPVP correction. The four diagrams in the set can be divided into two parts. The two diagrams on the left are induced by the second-order iteration of the one-loop VP potential, whereas the two diagrams on the right are induced by the two-loop VP potential. The complete form of the twoloop VP potential is not known at present. Its dominant part, however, is delivered by the free-loop approximation and is known for a long time, first derived by Källén and Sabry [25] . In the present work, we also treat the two-loop VP potential within the free-loop approximation only.
The VPVP contribution is given by the following expression
where |a is the reference-state wave function with a fixed momentum projection µ = 1/2, |δ VP a and |δ g a are firstorder perturbations of the reference-state wave function by the one-loop VP potential V VP and the effective gfactor potential V g ,
the effective g-factor potential V g is
and V KS is the Källén-Sabry potential (see, e.g., Ref. [26] for explicit formulas). Note that the effective potential V g is defined so that its matrix element on the reference-state wave function with momentum projection µ = 1/2 is the Dirac value of the bound-electron g factor,
The numerical calculation of the VPVP correction is quite straightforward. It was performed by obtaining the perturbed wave functions with help of the dually kinetically balanced B-spline basis set method [27] . Numerical results for the VPVP correction for the 1s bound-electron g factor are presented in Table III . Comparison of our numerical all-order results with the Zα expansion results is given in Table III and graphically in Fig. 6 . The Zα expansion of the VPVP correction reads
where G VPVP (Zα) is the higher-order remainder. The leading term of its Zα expansion was obtained previously in Ref. [28] , G VPVP (Zα) = 7.4415187 + O(Zα). We observe that our numerical all-order results agree well with the previous Zα-expansion results. In particular, they confirm the conclusion of Ref. [28] that the higher-order VPVP contribution G(Zα) is rather large in the low-Z region. In the high-Z region, however, the large contribution of the (Zα) 5 coefficient is compensated by higher-order terms, so that the total value of G(Zα) is significantly reduced and even changes its sign eventually as Z increases.
IV. RESULTS AND DISCUSSION
We now summarize our results obtained for the twoloop QED corrections with closed fermion loops. Since the previous investigations of these corrections have been performed within the Zα expansion and provided results complete up to order α 2 (Zα) 4 , we identify the higherorder remainder of our numerical results that can be directly added to the results obtained previously [9] . The higher-order remainders induced by the three sets of twoloop diagrams with closed fermion loop considered in the present work are summarized in Table IV . We observe that the S(VP)E diagram yields a very small contribution to the higher-order remainder, whereas the remain- ders from the SEVP and VPVP diagrams are large and comparable in magnitude and enhance each other.
In Table V , we collect all presently available contributions for the 1s bound-electron g factor for four hydrogenlike ions that are most relevant from the experimental point of view. For three of them (carbon, oxygen, and silicon), accurate experimental results are already available [1, 2, 4] , whereas for calcium the experiment is underway [30] . Since most of the results collected in Table V appeared previously in the literature, we give here only short comments about the data presented in the table. The errors of the point-nucleus Dirac value and of the (Zα) 0 part of the one-loop QED correction originate from the uncertainty of the fine-structure constant, α −1 = 137.035 999 074(44) [11] . The finite-nuclear-size correction is evaluated with the standard two-parameter Fermi model of the nuclear charge distribution and the root-mean-square radii taken from Ref. [31] . The error of this correction originates both from the quoted uncertainty of the rms radius and from the dependence of the result on the model used for the nuclear-charge distribution.
The results obtained in the present work for the higherorder two-loop corrections with closed fermion loops are listed in the table under the labels "≥ 2-loop QED, h.o." Since we did not calculate the complete two-loop QED correction in the present work (the two-loop self-energy contribution is left out), we do not decrease the overall uncertainty as compared to the previous investigations. Same as previously [9] , the uncertainty due to higher- order two-loop contributions is estimated as
where g
h.o. is the n-loop higher-order QED contribution and
is the n-loop (Z α) 2 QED contribution. We observe that the size of the two-loop contributions calculated in the present study is about 50% of the total uncertainty to the higher-order effects. So, we might refer to the size of the calculated effects as "expected".
Finally, we comment on the small differences (in the last significant digit) between the data in Table V and the previous compilation in Ref. [9] for the recoil corrections. The difference in the first-order (∼ m/M ) recoil correction is due to the updated value of the nuclear masses, whereas the difference in the higher-order recoil correction is due to the updated theoretical result obtained in Ref. [40] for the arbitrary nuclear spin.
It is interesting to note that the theoretical prediction for silicon reported in Table V nearly coincides with the experimental result, leaving almost no space for the higher-order two-loop self-energy correction, which remains uncalculated at present. Indeed, the difference between theoretical and experimental results for Si amounts to 4×10 −10 , which is twice smaller than the two-loop contribution calculated in the present work. This indicates that either the two-loop self-energy contribution is relatively small or it changes its sign in the vicinity of Z = 14. In order to test these assumptions, a g-factor measurement in a heavier system would be of great help. Table V shows that already for calcium, the uncertainty due to the two-loop self-energy is by two orders of magnitude larger than the other theoretical errors. So, a measurement of the bound-electron g factor in Ca
19+ with the same accuracy as in Si would lead to an unambiguous experimental determination of the higher-order two-loop self-energy contribution.
Summarizing, we have calculated three sets of two-loop QED diagrams with the closed fermion loops to the 1s bound-electron g factor. Calculations were performed to all orders in the nuclear binding strength parameter Zα except for the closed fermion loop, which was treated within the free-loop (Uehling) approximation in some cases. Our numerical data were shown to agree well with the Zα-expansion results previously obtained for these corrections. The higher-order remainder [of order α 2 (Zα) 5 and higher] was separated out from our numerical results. Its size agrees well with previous estimations for the two-loop higher-order effects. Our calculations do not improve the total uncertainty of the two-loop QED effects in the theoretical predictions since the most nontrivial two-loop correction, the two-loop self-energy, still remains to be calculated. TABLE V: Individual contributions to the 1s bound-electron g factor. The abbreviations used are as follows: "h.o." stands for a higher-order contribution, "VP-EL" -for the electric-loop vacuum-polarization correction, "VP-ML" -for the magnetic-loop vacuum-polarization correction, "TW" indicates the results obtained in this work. r 2 1/2 is the root-mean-square nuclear charge radius in fermi. 
